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I. TKTKODUCTION 
The problem of finding the number and position of the real zeros of the 
Bernoulli polynomials has been considered by a number of authors over 
the past 75 years (see, e.g., [4, 5, 6, 8, 13, 14, 173). Let B,(x), n30, denote 
the Bernoulli polynomial of degree n and let B,, := B,,(O) be the nth 
Bernoulli number (see, e.g., [I]). These polynomials can be delined by the 
generating function 
In order to discuss the work already done on this problem, and our con- 
tributions to it, we state here some well-known properties of the Bernoulli 
polynomials (see, e.g., [ 151) 
B,,(x) = i J:‘)2 ~+;>“-~‘~D.,> n30, (1.1) 
where 
D,,=2(1 -2.y-‘)B,s, s 2 0. 
Therefore, each B,(x) is manic and has exact degree n, 
(1.2) 
B,,( 1 t-x) - B,,(x) = nx” - ‘, n30 (1.3) 
B,( 1 - x) = ( - 1)” B,(x), n20 (1.4) 
B;,(.~) = nB,,- ,(x), nB 1. (1.5) 
Now (1.3) and (1.4) imply that Bz,+,(0)=B2,+,($)=B2,+,(l)=0, 
n3 1. Using (1.5), Rolle’s Theorem on B7,, , ,(x), and (1.4), we see that 
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B,,,(s) has one real zero in each of the intervals (O? i) and (1, 1) which we 
call I’?, and .s~,~ where s2,, := 1 - rZn and 0 < rz,, < 4. 
Norlund [15, p. 221 showed that 0, 5, and 1 are the only zeros of 
B1,+ ,(x), n > 1, in [0, 11. He also showed [16, p. 1311 that for B2,>(.x) and 
rz 3 1, rz,, and sZn satisfy d < r2,, < i, hence 2 < s?,~ < 2 (see also [ 13, p. 5341). 
J. Lense [ 141 and A. M. Ostrowski [IT] showed that the sequence (r2,,) 
is monotonically inreasing to 4. D. H. Lehmer [13] gave the more precise 
inequality a- 2-2”P1~-1 < rZIi < $. K. Inkeri [S] showed that 0: 4, and i 
are the only rational zeros of Bz,+ ,(x), n > 1. He also considered in some 
detail the number and position of the real zeros of B,,(x) outside the inter- 
val [O, I]. Inkeri also gave an asymptotic estimate for the number of real 
zeros of B,,(x) and, in addition, gave upper and lower bounds for the real 
zeros of B,,(x) outside the interval [0, 11. These estimates are. as claimed 
by the author, valid for “large” values of n. 
No extensive table of the real or complex zeros of the Bernoulli PG~Y~G- 
mials has been published to date, although D. H-I. Lehmer, in 1967, com- 
puted the real and complex zeros of B,Jx) up to n = 48 using his circle 
method, and Leon J. Lander, in 1968, computed the zeros of B,(x), again 
up to n = 48, using a general purpose factorization routine (double preci- 
sion) on a CDC 6400. These computations were remarkably accurate up to 
about n = 42: although no special effort was made in either case to verify 
the zeros by high-accuracy methods [2, 111. 
In this paper, we confine the discussion to the real zeros of B,(x). Since 
each B,(.u) is symmetric about the line .r = i (cf. (1.4)), we consider only 
the nonnegative real zeros. The remaining real zeros of B,(x) can then be 
obtained using (1.4). 
Although the complex zeros are also of some interest, the results are of 
a different nature and therefore will be the subject Gf another paper. Some 
preliminary results in this direction have been obtained jointly with 
Professor R. S. Varga. 
In Section 2 we give an empirical result for calculating the number of 
real zeros of B,,(X), which is valid for 1 < 17 < 200. In Section 3. we give 
some inequalities which provide upper and lower bounds for lE,,j ancl 
lBz,, ) where Ez, and Bz,, are the Euler and Bernoulli numbers, respectively. 
In Section 4, we give simple expressions for computing B,(m + 4) where 
m>, 1 is an integer and q=O, k, a, 4, $, 2, or 1. These expressions, along 
with Newton’s method and the method of false position, provide, in 
most cases, simple lower and upper bounds for approximating the real 
zeros of B,(X) outside the interval [0, l]. We use the degree n of the 
Bernoulli polynomial to divide the study into four cases, namely it 3 0, 1. 
2, and 3 (mod 4), and each case is discussed separately in Sections 5 to 8. 
In Section 5 we give a new result which permits a precise count of the 
number of real zeros of B,,,(x). We also investigate the irregular occurrence 
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of a pair of real zeros of B,,,(x) in the interval (M + 4, A4 + 1). Here A4 is 
the largest positive integer such that B,,(x) has real zeros in the interval 
(M, M+ 1). In Section 7 we present the “crossover” phenomenon for the 
real zeros of B,, + Z(x) in th e intervals [m, m + 11, m 2 2. In Section 8, we 
present a theorem which improves Inkeri’s upper and lower bounds for 
estimating certain zeros of B4n+3 (x). In Section 9, we describe the method 
of computation of the zeros of B,,(x) and in Tables IV and V give a listing 
of the positive real zeros for 3 < n < 117. 
2. THE NUMBER OF REAL ZEROS OF B,,(x) 
It is well known [ 1.5, p. 191 that all the zeros of B,(x), 1 d n < 5, are real. 
Each polynomial B,(x), IZ > 6, has complex zeros which occur as “quartets” 
in the complex plane that are symmetric about the real axis and the line 
Re z = $. That is, if Z=S + it is a zero of B,,(z + :) with sa 1 then so are 
z=s-it and Z= -s&it. 
Inkeri [IS, p. 121 has shown that the number R, of real zeros of B,(x) 
has the asymptotic limit R,/n - (2/7re) (n -+ co). Inkeri’s proof involves a 
sign change argument and Stirling’s formula and requires a separate study 
of each of the four cases n = 0, 1,2, and 3 (mod 4). His analysis, however, 
does not provide a precise count for the number of real zeros of B,(x). 
H. Delange [S] gives a method of determining the exact number of real 
zeros of BJx), in most cases. 
We give here an empirical method for determining the exact number, R,,, 
of real zeros of B,(x) up to IZ = 200. The increase in the number of real 
zeros is not monotonic (see Table I); however, there is a nearly regular 
pattern to the increase in the number of real zeros of B,(x) which is 
described later in this section. This pattern is abruptly broken at n = 116 as 
can be verified from Table I. The pattern is again broken for n = 179 which 
was verified using BERNSCAN (described below). These are the only 
exceptions for n < 200. Up to n = 117, the exact value can be verified 
directly from Tables IV and V. The method of computation of the real 
zeros given in Tables IV and V is described in Section 9. 
One can count the number of real zeros of B,(x) for values of n much 
larger than IZ = 117 simply by using the Lemmas of Section 4 and noting 
the sign changes of B,,(x) on the intervals [m, m + 11, nz 3 1. We have 
developed a FORTRAN program called BERNSCAN (described in more 
detail in Section 5) which computes (single precision) the value of B,,(x) for 
any specified value of x and for (at least) n < 1000. This can be done at 
equally spaced points on any interval containing real zeros of B,(x). Deter- 
mining the sign changes in B,,(x) in this way will give an exact value for 
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TABLE I 
Table of Values of R,. 1 <n < 200 
n R, k n 4, k n R, k 7, 4, k 
1 
2 
3 
4 
5 
i; 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
2s 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
1 
2 
3 
4 
5 
2 
3 
4 
5 
6 
7 
4 
i 
7 
8 
5 
6 
7 
8 
9 
6 
7 
8 
9 
10 
7 
8 
9 
10 
11 
12 
9 
10 
11 
12 
13 
10 
11 
12 
13 
14 
11 
12 
i3 
14 
1; 
ii 
13 
!4 
0 
0 
0 
0 
0 
1 
1 
1 
1 
1 
1 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
4 
4 
4 
4 
4 
; 
i 
: 
6 
6 
6 
6 
6 
I 
I 
7 
I 
7 
8 
8 
8 
8 
8 
9 
9 
9 
51 1.5 9 101 25 19 151 39 
52 16 9 102 26 19 152 40 
53 17 9 103 27 19 153 37 
54 14 10 104 ‘8 19 i54 38 
55 15 10 105 29 19 155 39 
56 16 10 106 26 20 156 40 
51 17 10 107 21 20 157 41 
58 18 10 108 28 20 158 38 
59 15 11 109 29 20 159 39 
60 16 11 110 30 20 160 40 
61 17 11 111 21 2i 161 41 
62 18 11 112 28 21 16’ 42 
63 19 11 113 29 21 163 43 
64 16 12 114 30 2i 164 4F 
65 17 12 115 31 21 165 41 
66 18 12 116 25 22 166 42 
67 19 12 117 29 22 167 43 
68 20 12 Ii8 3G 22 168 44 
69 17 13 119 31 22 169 41 
70 18 13 120 32 22 170 42 
71 19 13 121 33 22 171 43 
72 20 13 122 30 23 172 44 
13 21 13 123 31 23 173 45 
74 22 13 124 32 23 174 42 
15 19 14 125 33 23 175 43 
76 20 14 126 34 23 175 44 
77 21 14 127 31 24 177 45 
78 22 14 128 32 24 178 46 
79 23 14 129 33 24 179 43 
80 ‘20 15 130 34 24 180 44 
81 21 15 131 35 24 181 45 
82 22 15 132 32 25 182 46 
83 23 15 133 33 25 183 47 
84 24 15 134 34 25 184 44 
85 21 16 135 35 25 185 45 
86 22 16 136 36 25 186 46 
87 23 16 137 33 26 187 47 
88 24 16 138 34 26 188 48 
89 25 16 139 35 26 189 49 
90 22 17 140 36 26 190 46 
91 23 17 141 37 26 191 47 
92 24 17 142 38 26 192 48 
93 25 17 143 35 27 193 49 
94 26 17 144 36 27 194 50 
95 27 17 145 37 27 195 47 
96 24 18 146 38 27 196 48 
97 25 18 147 39 27 197 49 
98 26 18 148 36 28 198 50 
99 27 18 149 37 28 199 58 
100 28 18 150 38 28 200 48 
28 
28 
i4 
29 
29 
29 
29 
30 
30 
30 
30 
30 
30 
31 
31 
31 
31 
31 
32 
32 
32 
32 
j2 
33 
33 
33 
33 
33 
34 
34 
34 
34 
34 
35 
?i 3” 
35 
35 
35 
35 
36 
36 
36 
36 
36 
3; 
37 
37 
37 
37 
38 
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R,, up to n = 1000. This process has been completed, and reported herein, 
up to n = 200. 
We sought a pattern to determine the values of n for which the value of 
k increases by one. In other words, for which values of n does B,(x) obtain 
an additional “quartet” of complex zeros? For n < 200 these values are 
n= 6, 12, 17, 22, 27, 33, 38, 43, 48, 54, 59, 64, 69, 75, 80, 85, 90, 96, 101, 
106, 111, 116, 122, 127, 132, 137, 143, 148, 153, 158, 164, 169, 174, 179, 
184, 190, 195, and 200. Taking differences of successive values in the above 
sequence yields the pattern 
6, 5, 5, 536, 5, 5, 5, 6, 53% 5,6, 5, 5, 596, 5, 5, 5, 576, 5, 5, 5,6, 5, 5, 5, 
t f t T t T T 
n=12 n=33 n = 54 n=75 n=96 n= 122 n= 143 
6, 5, 5, 5, 5, 6, 5, 5 
t t 
n= 164 n= 190 
The. pattern shown above can be verified directly from Tables IV and V 
for n 6 117. For 118 d n d 200, the sequence above and the entries of 
Table I have been verified numerically using BERNSCAN. 
We observe that for n < 115 the exact value of R, = IZ - 4k can be 
calculated using 
k= 
e 
n-2- [(n-11)/21j 
5 
where I[ 1 indicates the greatest integer function. 
3. SOME INEQUALITIES INVOLVING EULER AND BERNOULLI NUMBERS 
C. Jordan [9] has given inequalities for the Bernoulli numbers BZn and 
the Euler numbers El,, which yield upper and lower bounds for (B,,,] and 
IEZnj. Other estimates have been given by D. Knuth [lo] and D. Leeming 
[12]. However, in this paper, we require more accurate estimates which 
are contained in the following apparently new result. 
LEMMA 3.1. We have 
(3.1) (i) 
(ii) n>2 (3.2) 
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(iv ) 
where D,, is gitlen by (1.2). 
Proof: Inequalities (i) and (ii) follow by applying Stirling’s formula to 
the inequalities for IB,,l and IE2,J given in [3, p. SOS] after applying the 
inequalities (see, e.g., [9, p. 1111) 
2& 2” 
( > 
2n 
7re 
<(2n)!<2J& (;)2n (l’&). (3.5) 
Inequality (iii) follows from (3.1) and (1.2), and (iv) can be obtained from 
(iii) by taking Zrzth roots to obtain 
Now 1-c (4xn) ’ 4n< 5, n32, and 1 =c2’,“(45m)“‘“< 1.705, ~23, and a 
direct computation shows that (3.4) is valid for n = 2. 
Let /H 2 1 be an integer. Using (1.3) repeatedly with x replaced 
successively by x + 1, . . . . .x + m we get 
We now state the following lemma, which is new and will be useful in 
subsequent sections (see also Inkeri [S, p. lo]). 
LEMMA 4.1. Let m be a positioe integer. lf B,(y)> 0, 06 y< 1, then 
B,,(~~+f92)>0. 
Proof. From (4.1), B,(y + n2) = B,(y) + n CJCpo’ (1~ + j)“- I. Since 
B,,(y) > 0, the result follows. 1 
Now from Nijrlund [ 15, p. 223, (1.2), and (1.4) we have, for n = 4, 2, .~., 
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(4.3) 
1 
B 2n 0 2 =2-2”D 2n . (4.4) 
Therefore, 
B2,1(m+i)=2e4np1 [2D2n+n’Iz: (4j+ 1)2”-‘], m> 1. (4.6) 
Similarly (since B,, := Bz,(0) = B,,(l), n 2 l), 
m-1 
B,,(m) = B,, + 2n 1 jTn- ‘, ma1 (4.7) 
B,.(m+;)=2p2”[ ‘=I :“1: D,,+4n c (2j+l)‘“-’ 1, mB1 (4.8) 
B2++;)=2p4f Dz, + 8n c (4j+ 3)‘“-’ ;I; 1, m>l (4.9) 
B-(-+;)=+(I-&)(l+) 
(4.10) 
1 
B 211+ I 0 4 = -(2n+ 1)2p4”p2E2, (4.11) 
m ~ 1 
B 2rr+ 1 - E2,, + 4 1 (4j + 1 )2n 1 , ??I>1 
j=O 
(4.12) 
B 2n+ 1 ma1 (4.13) 
j=O 
m - 1 
B 2n+, =(2n+ 1)2-4”-2 EZn+4 c (4j+3)“* 1 , nz> 1 j=O 
(4.14 
B 2n+l(m)=(2n+l) 1 j2”>0, in > 2. (4.15 
i= I 
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There are no known simple closed expressions for B1,+ 1(~z + i] 0: 
Bin + lb + a. 
We now consider the problem of determining the sign of B,(q) for ce;- 
tain prescribed values of II and q. These results are given in the following 
lemmas. 
LEMMA 4.2. Let m be a positive integer. Then 
, 1 
(iii) Bdn+? FYI+- <O 
i > 4 
nr ~ 1 
if?- I D4,, +2 />4(41z+2) c (q+ I)““+ 
J=o 
(4.18 i 
m ~ I 
iff lD4n+ 2I >4(4nf2j 1 (4j+3)4n+1 
j=O 
(4.22 
,‘I- 1 
iff I&+z / >4 1 (4j+3)4”+?: (4.23 
j=O 
Proof From NGrlund [15, pp. 23 and 261 and (1.2) we have 
( - 1 )” + 1 Bz,, > 0, ( - 1)” El,, > 0, and ( - 1)” D,, > 0 for II 3 1 (in particular 
E4” > 0); so using (4.12 j we get (4.17). The other inequalities are proved 
similarly. 1 
LEMMA 4.3. Let m be a positive integer. Then 
III - 1 
(i) B4Jl?lj < 0 $f jB4n/>4n C j4rr-‘, m32 
j=l 
(ii) B 3,,+2(nz)>Q m31, I130 
(4.24) 
(4.25) 
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1 
(iii) B & ( > m +- > 0, 2 I?22 1, i?>O 
m-1 
iff ID4n+z 1>(8n+4) c (2j+1)4”+‘, m>l. 
j=O 
(4.27) 
Proof: Inequalities (i)-(iv) follow immediately from (4.7) and (4.8) after 
observing that ( - 1)” + ’ Bz,>O and (-l)“D,,,>O. 1 
Finally, we note that since B,(x) + cc as 
(4.23), (4.24), and (4.27) show that the largest 
without bound as n + ‘CC (see also [8, p. 121). 
IZ + co, inequalities (4.17), 
real zero of B,(x) increases 
5. THE REAL ZEROS OF B4Jx) OUTSIDE THE INTERVAL [0, 1 ] 
Since B4,J 1) = B,,* < 0, IZ 3 1, and since B4Jx) is a manic polynomial, we 
let A4 be the largest positive integer such that B,,(M) ~0, that is 
B,,,(m) < 0, nz = 1, 2, . . . . M and B,,,(M+ 1) >O. Inkeri [S, p. 121 shows that 
B4,Jx) may have either one or three zeros in the interval (M, M+ 1) and 
there are no real zeros of B4,J.x) greater than M+ 1. The occurrence of 
three roots in the interval (M, M+ 1) is an irregular but persistent 
phenomenon as we see from Table II which lists all pairs of zeros of B4Jx), 
TABLE11 
Real Zero Pairs of B,(x) in the Interval 
(Mf&Mfl), 4<4n<500 
4n M Zeros 
16 1 1.76 1.94 
32 2 2.16 2.89 
84 5 5.16 5.91 
100 6 6.76 6.91 
152 9 9.75 9.91 
168 10 10.76 10.90 
220 13 13.76 13.96 
236 14 14.16 14.89 
288 17 Il.16 11.95 
356 21 21.76 21.94 
312 22 22.78 22.85 
408 24 24.75 24.99 
440 26 26.80 26.8 1 
476 28 28.75 28.98 
492 29 29.76 29.90 
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4 ,< 4n < 500 in the interval (M+ a, M + I). The computation of these zerc)s 
is described in Section 9. 
The largest real zero of B4,Jx) will lie anywhere in either one of the inter- 
vals (M, M + $) or (M + f, M + 1) which explains the irregular count of 
Inkeri. A more definitive result for the position of the real zeros of Bq,(~) 
is given in Lemma 5.3. First we need the following two lemmas. 
LEMMA 5.1. Let m and n be positive integers. Then B.,,,(.Y) > 0 .for 
m+;dxdm+;. 
Proof We know BJi)>O and that the only real zeros of B,,(x) In 
(0, 1) are Ye,, and .san = 1 - r4,, where k < rdrZ < $ (see, e.g., [ 141). Therefore, 
BJx) > 0, $6 x < 2. U smg Lemma 4.1, the result follows. 
LEMMA 5.2. For each (fixed) integer m 3 1 I there exist positille integers 
j,,, and k,, nxith j,, <k,,, such that 
ii) B4,, 
(ii) B,, 
~1 <j,,, ; B ‘tn FZ>j, (5.1 j
n <k,,; n 3 k,, (5.2) 
Proof. Since B,, ~0, n >, 1, using (4.2) we observe that for II = 1, 2, . ..) 
B4,J A) = B,,,(g) < 0. A direct calculation using (4.5) and (4.10) shows that in 
the case n = 1, B,(m + i) > 0 and B,(m + 2) > 0. Using (4.5) and (3.1), we 
see that, for fixed m Z 1, B4,,(m + $) < 0 when n is sufficiently large, so (5.1) 
follows. A similar argument yields (5.2). Finally, from (4.5 j and (4.10). we 
see that B,,(m + 2) > B,,(m + i) for all m > 1, n 2 1, so j,, d k.,,. 
LEMMA 5.3. For n = 1, 2, and 3, B4,Jx) has exactly one zero in the inter- 
e,a! (i, $). For n > 4 and m a positive integer, B,,,(x) has either two zeros or 
none in the interval (m - a, m + $). 
ProojI We need to show that whenever B,,(x J, n 3 4, has one zero in 
the interval (II? - $, nz + $) it must have exactly one more zero in the same 
interval. Suppose, then, that B4Jx) has a zero in (m - a, m). From Inkeri 
[S, p. I.51 we have Bi,Jx)=4n(4n- l)B,+Jx)>O for (at least) M-A-- 
h, < x < m + $ + 12, where /z, = 2 P4n-‘~TC1. Furthermore (see [S, p. 19])% 
B>,,(x)<0 on (in-a,m-E,) and B&,(x)>0 on (m+6,,m+a) where 
0~ E,< i, 0<6,,< i, and E~+O, a,, -+O as n-t cc. Therefore, B,,(m)<Q 
and since from (4.16) and (4.20), we have B,,(m- i)>O and 
B,,(m + a) > 0, the result follows. 1 
It should be noted that because of the “crossover” phenomenon 
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described in Section 7, a similar lemma is not possible in the case of 
B 3n+Z(~). However, Lemma 7.2 gives the comparable result for that case. 
Finding the pairs of zeros of B4,Jx) in (M+ a, M+ 1) involves first 
determining the sign of B4,*- r(M+ t) and using (1.5). If B,,- ,(M+ i) < 0, 
there is no guarantee of a pair of real zeros in (M+ 2, M + l), however, 
there is that possibility. For example, B&6.75) < 0 and we find (see 
Table II) that B,,,(x) has a pair of zeros in the interval (6.75, 7). On the 
other hand, B,,,(7.75) < 0 yet from Table V we see that BL16(x) has no real 
zeros in the interval (7.75, 8). 
The computations for Table II are done using BERNSCAN. This 
FORTRAN program uses (4.1) and the Fourier series expansion (see 
L-3, P. 8051) 
O<~f<l,n>l. (5.3) 
The second term in (4.1) is merely the sum of integer powers. This 
enables us to compute, for large values of n (up to n = lOOO), sign changes 
in B,( y + nz) for fixed integer values of m, tn > 1, and 0 < 4’ d 1. Such deter- 
minations give only very approximate values of the real zeros of B,(x) but 
these sign changes do enable us to accurately count the number of real 
zeros of B,,(x) for large values of n. For example, in the case n z 0 (mod 4) 
we can use BERNSCAN to determine the exact number of real zeros (up 
to n = 1000) including the cases for which the Delange estimates are not 
exact (see [S, p. 5411). 
6. THE REAL ZEROS OF B4,,+ 1(x) OUTSIDE THE INTERVAL [0, 11 
From Inkeri [S, p. 111 we have 
(6.1) 
and B 4n+l(~) is convex upward on [nz, m+ 41, m 3 1. Therefore, in the 
interval [m, m + $1, B,, + , (x) has either two zeros, or none. Normally, if 
B 4,,+1(~) has a pair of zeros in the interval [m, m + $1, then 
B 4n+ I(m + a) < 0. (There are exceptions, however, e.g., n = 5, nz = 2, with a 
pair of zeros of B,,(x) in the subinterval (2, $) and with Bz,($) > 0.) Thus, 
to ensure the existence of a pair of zeros of B4,,+ i(x) in the interval 
(m, nz + t), it is sufficient to determine (for fixed m) the values of n for 
which B 4,r+ ,(nz + $) < 0. These values can be computed using inequality 
(4.16). 
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The convexity of B4,2 + , (x) on (nz, M + i), IT! 2 1, enables us to obtain 
quite accurate upper and lower estimates for a pair of real zeros of 
B. I,,+ ,(x) lying in the interval (m, nz + i), rn 3 1, using Newton’s method 
or the method of false position. We describe here, in some detail, the 
procedure for obtaining such a pair of real zeros of Bl,, c ,(.u). We note 
that similar estimates may be obtained in the other three cases. 
We observe that the properties of these polynomials dictate that 
Newton’s method will provide a better approximation to the zeros than 
will the method of false position. However, for “large” values of n, the dif 
ference between the two estimates is extremely small and so give very 
accurate estimates for the real zeros of B,,(x). When B4,!+ !(x) has two zeros 
in the interval [m, m + i], we can obtain simple upper and lower estimates 
for these zeros. 
(i) Upper and lower estimates for the zero qf B4,z + i(x) “tlear” Y = m. We 
denote the real zero of B4,,+ ,(.Y) “near” x = m by u,~,~~~, the lower estimate 
by 6,,.,, and the upper estimate by d,,,,,. Thus we have, 6, ,,,,, < a,.,,, < qb,,F,r 
for each (fixed) nz, and n sufficiently large. 
Using one application of Newton’s method with u =.y17 as our initiaQ 
value, we obtain a lower estimate 
~,L,, = m - Ban+ ,(nz),‘Bj,+ ,(rr:). (6.2, 
Using (IS), (4.7), and (4.15), (6.2) becomes 
We note here that S,,, is indeed a lower estimate of a,.., due to the 
convexity of B4,>+ ,(x) on [m, nz + i]. 
To obtain an upper estimate for anIm we use the method of false position 
on the interval [nz, m + :], which yields 
1 / 
cp cm =nz--BB,,,+,(m)/ 4 B4n+l (6.4) / 
Using (4.12) and (4.15) in (6.4) and simplifying, we get 
,PZ ~I m - 1 m--L 
rp,.,, = ~72 - C (4A4” - E,, + 4 1 (4j + 1 )4n - I m > 1. 
;=o j=O 
,To (4j)“” 11 (6.5! 
Using ( 1.5), (4.8), and (4.13) similar upper and lower estimates can be 
obtained for the zero of B4,? + I(x) “near” s = nz + $. 
640 58 2-Z 
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7. THE REAL ZEROS OF B 4,,+?(x) OUTSIDE THE INTERVAL [0, l] 
Inkeri [S] has pointed out that B4n+Z(~) > 0, m =O, f 1, +2, . . . . and 
B 4,Z+Z(x) has at most one zero in the interval [nz + i, m + 11, and either 
two zeros or none in the interval (m, m + 1). Furthermore, if 
B Jn + ,(m + i) > 0 for some value of I?Z, then every real zero of Bdn + ?(x) is 
less than nz + 1. Thus if m = M is the largest integer such that 
B 4n+2(~rr + :) < 0, then there are no zeros of B,,+,(x) greater than M+ 2. 
In what follows we assume m is an integer such that 1 d 111 d M. 
The “crossoue? phenomenon. It is well known (see, e.g., [ 131) that the 
pair of zeros of Ban+?(x) in th e interval [0, l] converge monotonically to 
i and 2 as n -+ 0~1. It is easily shown that this monotonic behavior is also 
exhibited by the pair of zeros of B4,,+ 2(x) in the interval [ 1,2], which con- 
verge (n + a) to i and s. The behavior of the pair of real zeros of 
B In+ 2(~) in the intervals [m, m + 11, nz > 2, is not monotonic, however, as 
it was in the case M = 0 and III = 1. We describe here this new concept for 
the interval [2, 31 and then give the general case in Lemma 7.1. 
Let p,,, z denote the real zero of B4n+Z(~) “near” x = 2.25. Table 111 
shows that for IZ = 6, . . . . 10, P,~,~ > 2.25 but for n > 11, pn,z < 2.25. Whereas 
Inkeri [S] shows that {P,,,~) is an increasing sequence for n > n, (in this 
case, n, = 1 l), the behavior of the sequence of zeros {P,,~} for II d 10 is 
monotonic decreasing. In addition, if we let q,z,2 denote the real of B4,,+?(x) 
“near” X= 2.75, we have for n 6 14, qn,2 < 2.75 and (q,,?} is monotonic 
increasing, while for IZ 3 15, q,,,z > 2.75 and {qn,Z} is monotonic decreasing, 
as ir+ CXJ, to 2.75. 
Inkeri’s work [S, Theorem 1, p. 41 predicts the asymptotic behavior of 
the real zeros of B 4n+2(~~) on the interval [m, m + l] but he does not 
mention the crossover phenomenon for m 3 2 described above. We now 
formalize this description and give a more precise statement than that of 
Inkeri for the position of the real zeros of B4,, + *(x). 
TABLE III 
m h m I ,n 
2 11 15 
3 19 23 
I 28 32 
5 36 40 
6 45 49 
I 53 57 
8 62 66 
9 70 14 
10 79 83 
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LEMMA 7.1. For each integer ttt > ,2, there exist positive inrzgers h,, and 
I,,, such ihar 
t1 < h,,, ; B 4,!+7 n 3 h,?, 
(ii) n -=c I,,, ; B II 3 i,,. 
ProojY In the case 07 = 2, we have obtained directly by computation 
hZ = 11 and EZ = 1.5. Setting n = 3 in (4.6) and using (1.2) we have 
However, from ( 1.2) and (3.1) we have 
D &+2=2(1-Z “’ + i j B3,2 + 2 < 0 (7.1) 
and 
2”“+‘B,,,;2-4\/(2n+ 1)n (n -+ ‘X ). (7.2) 
Therefore, in (4.6), the (negative) sign of DAtzfl will determine the sign of 
B j, + ?(nz + $) for sufficiently large tz, hence there exists a smallest integer /z,,~ 
such that B 4,Z + >(m + a) < 0, n 3 A,,,. The proof of (ii) is similar. 
We observe from (4.6) and (4.9) that I,, 3 h,. Some specific values of i,, 
and I:, are given in Table III. We note from Table III that for 2 d YIS d 10, 
I,,, = h,, + 4 although it is not known whether or not this equality holds for 
larger values of tn. 
From Table III we can determine three different forms, or stages, for the 
position of the pair of real zeros of Ben+:(x), tz >H,~, in the interval 
[tn, m + I], m > 2. These three stages are shown in Fig. 1. 
In spite of the “crossover” phenomenon, it is still possible to obtain 
accurate estimates for the two zeros of B 4,2 + L(.x) in the interval (m, m + 1) 
using Newton’s method. In this case, the advantage over Inkeri’s results is 
that our estimates will follow the “crossover,” and so are good for all 
values of n > h, where h, is as defined in Lemma 4.1. Furthermore, these 
estimates exhibit the same order of accuracy as Inkeri’s estimates, namely 
O(2p4”), as n + co. This is easily shown using (4.3), (4.6), (4.9) (4.1 I ): 
(1.5), and the estimates of Section 3. 
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6 4n+2(~) on the interval [m, m+l], m&2 
FIG. 1. (1) n<L; (2) h,,,<n<l,,,, (3) n>/,,. 
8. THE REAL ZEROS OF B,,+,(x) OUTSIDE THE INTERVAL [O,l] 
In this case, Inkeri [S] shows that 
B 4,z+dX)~@ l<X<i 
1 
B 4n+3(x)‘@ m<xdm+--,m22 2 
(8.1) 
and in the intervals (m + $, m + l), B4,1+3(~) has, at most, two zeros. 
Usually if B4,,+3(x) h as a pair of zeros in the interval (m + 4, nz + l), then 
B 4n+3(~n + +) < 0. The case n = 2, m = 1, is an exception, however, with 
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B,,(i) > 0. In a similar fashion to the B 4n + l(x) case, we can determine the 
smallest value of n, say n,,, , such that Bdn + ;( m + $) < 0 for a fixed value of 
m. Then for n 2 II,,,, B4,,+ j (x) will have exactly two zeros in the intervai 
(nz + i. YIE + 1 ), one in (m + $, m + 3) and the other in (m + 5, ?tz + 1)~ 
(i) Upper cmd loafer estimates for the zeros of B,, + 3jxj “zear” s = m + 4~ 
We denote the real zero of BJ,+3(.v) “near” s = nf + $ by g,,;:! i our lowar 
estimate by ,x,~,,,~, and our upper estimate by fl,,.,?,. 
To obtain the lower estimate CC,,,, for g,,,,, we use one application of 
Newton’s method with initial value s = w? + 4, (4.8), (4.13 ), and (1.5) which 
yields 
,I i 1 ‘ci;,,,, = m + - 1 xycl (2j- 1)4’Z+2 - in 1. 
\ 2, CD&T+2 +(8n+4)C,“=, (2j-l)“““]’ 
3 18.2) 
To obtain the upper estimate I;,,,,, for g,,,, we use the method of false 
position on [m + 4, m + i] and obtain 
(ii) Comparison of our estimates nith Inkeri’s estimates. Let no and H be 
positive integers with II sufficiently large so that Bj,,+j(~x) has a pair of 
zeros in the interval [IH + 1, nz + I]. Let g,,,, denote the real zero cf 
B 4,1 + 3(,~) “near” x = m + i, and let >I,~,,,, and p,,,, be the lower and upper 
estimates, respectively, for g,, given by Inkeri [X, p. l!?]. Let x,,.,,, and J,,.,., 
be as given in (8.2) and (8.3). Then we have the following theorem. 
THEOREM 8.1. For IZ sufficiently large, m = 1, 2, ~~., 
and 
Proqi: Inkeri [S, p. IS] has shown that 
(8.4) 
(8.5 ‘j 
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where 
H = [(2m - 1)7c]4”+1 
n,??, 2(4i2+1)! ’ 
From (8.2) and (8.3) we can define s,,,, and t,,,, by 
1 
Ix n.m =m+-++,l,,, 2 
(8.6) 
(8.7) 
respectively. Using Stirling’s formula and taking (4n + 2)th roots, we find 
IHn,,,,p(4’z+2)- 
(2/n- 1)7ce 
4n+ 1 
(8.8) 
also 
and 
Itn,,A 
I,q4n + 2) _ (2172 - 1)ne 
4n + 2 
(71 + cc ). (8.9) 
Comparing the asymptotic estimates in (8.8) and (8.9) yields (8.4). To 
obtain (8.5), observe that pn,*, = i?i+ $ + H,, I,m and, by (8.6), H,, I,r,l + 0 
asn+a. 1 
Theorem 8.1 shows that our upper and lower bounds for g,,,, are 
asymptotically better than those of Inkeri (see (8.4)). Numerical evidence 
shows that, for a given n? 2 1, our bounds are always better than those of 
Inkeri, even for “small’ values of n. The estimates for the real zero of 
B 4,,+X(.~) “near” x = m, m 3 1, can be obtained in a similar way. 
9. COMPUTATION OF THE REAL ZEROS OF B,,(x), 36n<ll7 
The computations of the real and complex zeros of B,,(x), 3 <n d 83, 
were done on an IBM 3083 at the University of Victoria using a NAG 
FORTRAN library routine C02AEF. The routine, which we modified to 
allow computations in quadruple precision, finds the zeros of a real poly- 
nomial using a method of Grant and Hitchins [7]. Successive zeros are 
found to within limiting machine precision, in this case approximately 32 
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TABLE IV 
The Positive Real Zeros of R&xi, 3 < ~1 < 83 
Zero n i- Zero f! r Zero 
3 1 0.59000 Qoooo ooooo 
3 2 1.00000 00000 00000 
4 1 0.24033 51888 20385 
4 2 0.75966 48111 79614 
3 3 1.15770 37219 25804 
5 1 0.50000 OOOQO 00000 
5 2 1.00000 00000 00000 
5 3 1.26376 26158 25973 
6 1 0.24154 07162 43673 
6 2 0.75245 92837 56326 
5 1 G.50000 00000 00000 
4 2 1.00000 00000 Qoooo 
8 1 0.24938 03839 22670 
8 2 0.75061 96160 77329 
8 3 1.14721 52939 42496 
9 1 0.50000 Qoooo OOOOQ 
9 2 1.OGoo0 00000 00000 
9 3 I.44910 60039 63995 
1Q 1 0.24984 47169 92154 
lG 3 0.7501 52830 07845 
10 3 1.24992 45242 76254 
10 cl I.57397 13186 63037 
11 1 O.jOOOO OOOQO OOOOQ 
11 2 1.00000 00000 00000 
11 3 1.51868 24322 69871 
11 4 1.61803 39887 49894 
If 1 0.24996 11530 13877 
i? 2 0.75003 88469 86122 
I? 3 1.26995 93567 97830 
13 1 0.5oQcG 00000 OOOQO 
I.3 2 l.OOOOQ 00000 OOOOQ 
13 3 I.49905 65978 32064 
t4 1 0.24999 02865 38064 
14 2 0.75000 97134 61935 
14 t 1.24999 03149 84616 
14 4 1.72213 12800 03333 
15 1 
15 2 
15 3 
15 4 
16 1 
16 2 
16 3 
16 4 
16 5 
17 I 
17 2 
17 3 
18 1 
18 2 
18 3 
18 3 
19 1 
19 2 
19 3 
19 4 
20 1 
20 2 
20 3 
20 4 
20 5 
21 ! 
21 2 
21 3 
21 4 
21 5 
22 1 
22 2 
22 3 
22 4 
23 1 
23 2 
23 3 
23 4 
0.50000 00000 OWOO 
1.00000 00000 OOOOO 
1.50005 23990 54264 
1.86771 07183 14650 
0.24999 75715 25127 
0.75000 24284 74872 
1.24999 75711 90774 
1.75534 05925 20679 
1.94308 70646 60557 
0.50000 ooooo QGOOO 
1.00000 OOOQO ooom 
1.49999 78485 80546 
0.24999 93928 74383 
0.75000 06071 3616 
1.24999 93928 77416 
1.74961 22926 43329 
0.50000 OOOQO 00000 
!.ooQoQ 00000 OOOGO 
1.50000 00693 952CO 
1.98589 46168 431007 
0.24999 98482 18163 
0.75000 01517 81836 
1.24999 98482 18141 
1.75002 56047 59155 
2.15349 60067 93051 
0.50000 OOOQO 00000 
1.00000 OOOQO 00000 
1.49999 99981 97633 
2.00196 56681 44463 
2.24815 17929 04584 
0.24999 99620 54513 
0.75000 00379 45486 
1.24999 99610 54513 
1.74999 86930 95115 
0.50000 ooooo QQQoo 
1.00000 OOOOO 00000 
1.5OQOO QOW 38503 
1.99983 90752 62074 
‘5 1 
25 2 
‘5 3 
25 4 
25 5 
26 1 0.24999 99976 28406 
26 2 0.7300 00023 7!593 
‘6 3 1.24999 99976 25486 
26 4 1.75000 00001 87039 
26 5 2.25078 04563 58050 
26 6 ? Ql376 86368 29637 -._I 
27 1 0.50000 Qoooo OGGOC 
37 2 1.00000 00000 OOOGO 
27 3 1.50000 Qoooo CmlG 
27 $ ‘99999 1. 92085 , if999 L 
28 1 
26 r, 2 
28 3 
28 4 
28 5 
29 1 Q.jOQOQ 00000 QOWC 
29 2 l.QOQQO 00900 001100 
29 3 I.49999 99999 99939 
19 4 1.00000 000366 32447 
29 5 249704 5%73 a 53229 
30 I 0.24990 999% 51775 
30 2 0.75QOO OK01 48223 
30 3 1.24999 99998 51875 
30 4 1.75000 oowi 46334 
30 5 2,2_‘ooo 51295 217?$ 
30 6 2.70663 65255 45763 
9.24999 99905 13626 
0.75000 00094 86373 
t.24999 99905 13626 
1.75000 00685 09541 
2.24338 31298 6QF60 
0.5oooG ooo#o OQQOQ 
1.00000 00000 00000 
1.49999 99999 993e I 
2.00001 15531 80755 
2.43305 09240 16126 
0.24999 99994 07101 
0.75OGO OOOQj $1895 
1.21999 99994 07101 
1.75OOG QOoO6 62001 
2.24993 25805 22$5/ 
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TABLE IV-Continued 
n r Zero n r Zero n r Zero 
31 1 0.50000 00000 00000 
31 2 1.00000 00000 00000 
31 3 1.50000 00000 00000 
31 4 1.99999 99983 37713 
31 5 2.50032 07968 94052 
31 6 2.83579 17233 96342 
32 1 0.24999 99999 62943 
32 2 0.75000 00000 37056 
32 3 1.24999 99999 62943 
32 4 1.75000 00000 37101 
32 5 2.24999 96591 65619 
32 6 2.16505 48479 10860 
32 I 2.88809 16455 75994 
33 1 0.50000 00000 00000 
33 2 1.00000 00000 00000 
33 3 1.50000 00000 00000 
33 4 2.00000 00000 66153 
33 5 2.49997 14760 24074 
34 1 0.24999 99999 90735 
34 2 0.75000 00000 09264 
34 3 1.24999 99999 90735 
34 4 1.75000 00000 09263 
34 5 2.25000 00198 63150 
34 6 2.74871 19640 20441 
35 1 0.50000 ooooo 00000 
35 2 1.ooooo omoo 00000 
35 3 1.50000 ooooo 00000 
35 4 1.99999 99999 91612 
35 5 2.50000 22596 14918 
35 6 2.97411 91374 11967 
36 1 
36 2 
36 3 
36 4 
36 5 
36 6 
36 7 
31 1 
37 2 
37 3 
0.24999 99999 97683 
0.75000 00000 02316 
1.24999 99999 97683 
1.75000 00000 02316 
2.24999 99989 67574 
2.75013 44411 46601 
3.12222 64528 11225 
0.50000 ooooo 00000 
1.ooooo ooooo ooooo 
1.50000 ooooo ooooo 
37 4 2.00000 00000 00072 
37 5 2.49999 98407 08067 
37 6 3.00553 73914 09667 
37 7 3.19837 28261 11086 
38 1 0.24999 99999 99420 
38 2 0.75000 00000 00579 
38 3 1.24999 99999 99420 
38 4 1.75000 00000 00579 
38 5 2.25000 00000 47125 
38 6 2.74998 78329 17230 
39 1 0.50000 00000 00000 
39 2 1.00000 00000 00000 
39 3 1.50000 00000 00000 
39 4 1.99999 99999 99991 
39 5 2.50000 00100 63579 
39 6 2.99944 30339 09451 
40 1 0.24999 99999 99855 
40 2 0.75000 00000 00144 
40 3 1.24999 99999 99855 
40 4 1.75000 00000 00144 
40 5 2.24999 99999 97869 
40 6 2.75000 09928 72232 
40 I 3.23594 19492 16971 
41 1 0.50000 00000 00000 
41 2 I .OOOOo 00000 00000 
41 3 1.50000 00000 00000 
41 4 2.00000 00000 00000 
41 5 2.49999 99994 26919 
41 6 3.00005 70446 58283 
41 7 3.40433 14518 78072 
42 1 0.24999 99999 99963 
42 2 0.75000 00000 00036 
42 3 1.24999 99999 99963 
42 4 1.75000 00000 00036 
42 5 2.25000 00000 00038 
42 6 2.14999 99268 06128 
42 I 3.25221 73355 86538 
42 8 3.49808 18053 93144 
43 1 0.50000 00000 00000 
43 2 1.ooooo 00000 00000 
43 3 1.50000 00000 00000 
43 4 1.99999 99999 99999 
43 5 2.50000 00000 29558 
43 6 2.99999 47153 35253 
441 0.24999 99999 99990 
442 0.75000 00000 00009 
443 1.24999 99999 99990 
44 4 1.75000 00000 00009 
44 5 2.24999 99999 99988 
44 6 2.75000 00048 99983 
44 I 3.24975 93314 31681 
45 1 0.50000 ooooo 00000 
45 2 1.00000 00000 00000 
45 3 1.50000 00000 00000 
45 4 2.00000 00000 00000 
45 5 2.49999 99999 98612 
45 6 3.00000 04361 22849 
45 7 3.49292 63499 47099 
46 1 0.24999 99999 99991 
46 2 0.75000 ooooo 00002 
46 3 1.24999 99999 99997 
46 4 1.75000 00000 00002 
46 5 2.24999 99999 99997 
46 6 2.74999 99997 00800 
46 I 3.25002 44161 73988 
46 8 3.68194 85793 23099 
47 1 0.50000 00000 00000 
41 2 1.00000 00000 00000 
41 3 1.50000 00000 00000 
41 4 2.00000 00000 00000 
41 5 2.50000 00000 00059 
41 6 2.99999 99661 29929 
41 7 3.50097 20384 00345 
47 8 3.79196 65329 69238 
48 1 0.24999 99999 99999 
48 2 0.75000 00000 00000 
48 3 1.24999 99999 99999 
48 4 1.75000 ooooo ooooo 
48 5 2.24999 99999 99999 
48 6 2.75000 00000 16732 
48 7 3.24999 17441 29564 
Table continued 
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TABLE IV-Conk& 
Zero n r Zero 
39 1 0.50000 00000 00000 
49 2 1.00000 00000 00000 
49 3 1.50000 0000 ooooo 
49 4 2.mOO 00000 00000 
49 5 2.49999 99999 99997 
49 6 3.00000 00023 28813 
49 7 3.49989 57811 43804 
50 1 0.24999 99999 99999 
50 1 0.75000 00000 OOOOQ 
50 3 1.24999 9999 99999 
50 4 1.75000 0000 00000 
50 5 2.24999 99999 99999 
50 6 2.74999 99999 99140 
50 I 3.25000 01917 00782 
50 8 3.14663 52008 84278 
51 1 0.50000 ooooo 00000 
51 2 1.00000 00000 00000 
51 3 1.50000 ooooo 00000 
51 4 2.00000 00000 00000 
51 5 2.50000 00000 00000 
51 6 2.99999 99998 49897 
51 7 3.50001 05191 42819 
51 8 3.95467 96201 45610 
52 1 0.24999 99999 99999 
52 2 0.75000 00000 00000 
52 3 1.24999 99999 99999 
52 4 1.75000 cmoo 00000 
52 5 2.24999 99999 99999 
52 6 2.75000 00000 00040 
52 I 3.24999 99849 75275 
52 8 3.75042 15617 63847 
52 9 4.08148 07155 48561 
53 1 
53 3 
53 3 
53 4 
53 5 
53 6 
53 7 
53 s 
53 9 
0.50000 ooooa OOOQO 
1.00000 0000 00000 
1.50000 0000 00000 
2.ooooo ooooo ooooo 
2.49999 99999 99999 
3.00000 00000 08937 
3.49999 90215 32558 
4.01733 69202 21736 
4.12968 77448 46078 
54 1 0.24999 99999 99999 
54 2 0.75000 00000 OOOOQ 
54 3 1.24999 9999 99999 
54 4 1.75000 ooooa 00000 
54 5 2.24999 99999 99999 
54 6 2.74999 99999 99998 
54 7 3.25000 00010 89562 
54 8 3.74995 47276 94633 
55 1 0.50000 00000 00000 
55 2 1.00000 0000 00000 
55 3 1.50000 0000 00000 
55 4 2.00000 00000 omoo 
55 5 2.50000 00000 00009 
55 6 2.99999 99999 99506 
55 7 3.50000 00843 57972 
55 8 3.99845 18466 60155 
56 1 0.24999 99999 99999 
56 2 0.75000 OOOQO 00000 
56 3 1.24999 9999 99999 
56 4 1.75000 OOQOO 00000 
56 5 2.24999 99999 99999 
56 6 2.75000 00000 00000 
56 7 3.24999 99999 26680 
56 8 3.75000 45553 29337 
56 9 4.32212 40821 28745 
51 1 0.50000 00000 00000 
57 2 1.00000 0000 00000 
57 3 1.50000 0000 00000 
57 4 2.00000 00000 00000 
57 5 2.50000 00000 00000 
57 6 3.00000 00000 ooo15 
57 7 3.49999 99932 42060 
57 8 4.00018 42714 55922 
57 9 4.36713 25211 29057 
58 1 024999 99999 99999 
58 2 0.75000 00000 OaoQo 
58 3 1.24999 99999 99999 
58 4 1.75000 0000 00000 
58 5 2.24999 99999 99999 
n 7 Zero 
58 6 2.74999 99999 99999 
58 7 3.25000 00000 04590 
58 8 3.74999 95739 71531 
58 9 4.25652 53700 66502 
58 10 4.4398I 82178 !8564 
59 1 O.SOQOO 00000 OOOOC 
59 2 1.00000 OOQOO OOOC 
59 3 1.50000 0000 OOOOC 
59 1 7.00000 00000 OQOOC 
59 5 2.50000 00000 0000s 
59 6 2.99999 99999 99998 
59 7 3.50000 00005 04372 
59 8 3.99998 02713 25521 
60 1 0.25000 00000 OOOOG 
60 2 0.75000 00000 00000 
60 3 1.25000 0000 O'JOQO 
60 4 1.75000 Do000 OOOOC 
60 5 2.25000 00000 QOOQC 
60 6 2.75000 00000 '~000 
60 7 3.24999 99999 99731 
60 8 3.75000 00371 69601 
60 9 4.24929 99031 90521 
61 1 0.50000 oQQoo !?OOOG 
61 2 1.00000 0000 00000 
61 3 1.50000 0000 00009 
61 4 2.00000 OOooo OOOGO 
51 5 2.50000 00000 IK)OGO 
61 6 3.00000 00000 OOOOG 
61 7 3.49999 99999 64844 
61 8 -WOO00 19809 7x427 
61 9 4.48426 2I719 74881 
62 1 025500 00000 OOQOO 
62 2 3.75000 OQOOO Qlilw 
62 3 1.25000 OQm 00ooG 
62 4 1.75000 OoOtM 00000 
62 5 2.25OGO 00000 00000 
63 5 3.75000 omoo OOC!~~ 
62 7 3.25000 OOOOQ OOOILi 
62 8 3.7L999 99969 67983 
62 9 3.25008 09062 OZ.123 
62 10 4.64897 51046 50083 
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TABLE IV-Continued 
n r Zero t-l I Zero I, t Zero 
63 1 0.50000 00000 00000 
63 2 1.00000 00000 00000 
63 3 1.50000 00000 00000 
63 4 2.00000 00000 00000 
63 5 2.50000 00000 00000 
63 6 2.99999 99999 99999 
63 1 3.50000 00000 02293 
63 8 3.99999 98139 02049 
63 9 4.50276 52294 85166 
63 10 4.73924 48816 94695 
64 1 0.25000 00000 00000 
64 2 0.75000 00000 00000 
64 3 1.25000 00000 00000 
64 4 1.75000 00000 00000 
64 5 2.25000 00000 00000 
64 6 2.75000 00000 00000 
64 I 3.24999 99999 99999 
64 8 3.75000 00002 31752 
64 9 4.24999 13772 86866 
65 1 0.50000 00000 00000 
65 2 1.00000 00000 00000 
65 3 1.50000 00000 00000 
65 4 2.ccloOO 00000 00000 
65 5 2.50000 00000 00000 
65 6 3.00000 00000 00000 
65 1 3.49999 99999 99859 
65 8 4.00000 00163 99293 
65 9 4.49968 60025 53823 
66 1 0.25000 00000 00000 
66 2 0.75000 00000 00000 
66 3 1.25000 00000 00000 
66 4 1.75000 00000 00000 
66 5 2.25000 00000 00000 
66 6 2.75000 00000 00000 
66 1 3.25000 00000 00000 
66 8 3.74999 99999 83367 
66 9 4.25000 08644 84410 
66 10 4.74178 43304 19586 
67 1 0.50000 00000 00000 71 1 0.50000 00000 00000 
67 2 1.00000 00000 00000 71 2 1.00000 00000 00000 
67 3 1.50000 00000 00000 71 3 1.50000 00000 00000 
61 4 2.00000 00000 00000 71 4 2.00000 00000 00000 
67 5 2.50000 00000 00000 71 5 2.50000 00000 00000 
67 6 3.00000 00000 00000 71 6 3.00000 00000 00000 
67 1 3.50000 00000 00008 71 7 3.50000 00000 00000 
67 8 3.99999 99986 41780 71 8 3.99999 99999 92208 
61 9 4.50003 56245 84294 71 9 4.50000 03783 74748 
61 10 4.92616 59145 52273 71 10 4.99595 73899 14412 
68 1 0.25000 ooao 00000 72 I 0.25000 00000 00000 
68 2 0.75000 00000 00000 72 2 0.75000 00000 00000 
68 3 1.25000 00000 00000 72 3 1.25000 00000 00000 
68 4 1.75000 00000 00000 72 4 1.75000 00000 00000 
68 5 2.25000 00000 00000 72 5 2.25000 00000 00000 
68 6 2.75000 00000 00000 72 6 2.75000 00000 00000 
68 7 3.24999 99999 99999 72 7 3.25000 00000 00000 
68 8 3.75000 00000 01122 72 8 3.75000 00000 00004 
68 9 4.24999 99184 81412 72 9 4.24999 99993 92150 
68 10 4.75121 50606 52365 72 10 4.75001 57190 58665 
68 11 5.03303 25834 65794 7211 5.20006 51354 83756 
69 1 0.50000 00000 00000 
69 2 1.00000 00000 00000 
69 3 1.50000 00000 00000 
69 4 2.00000 00000 00000 
69 5 2.50000 00000 00000 
69 6 3.00000 00000 00000 
69 7 3.49999 99999 99999 
69 8 4.00000 00001 05922 
69 9 4.49999 62213 35962 
70 1 0.75000 00000 00000 
70 2 0.25000 00000 00000 
70 3 1.25000 00000 00000 
IO 4 1.75000 00000 00000 
70 5 2.25000 00000 00000 
70 6 2.75000 00000 00000 
70 7 3.25000 00000 00000 
70 8 3.74999 99999 99928 
70 9 4.25000 00072 44791 
70 10 4.74985 96830 42692 
73 1 0.50000 00000 00000 
73 2 1.00000 00000 00000 
73 3 1.50000 00000 00000 
73 4 2.00000 00000 00000 
73 5 2.50000 00000 00000 
73 6 3.00000 00000 00000 
73 7 3.49999 99999 99999 
73 8 4.00000 00000 00541 
73 9 4.49999 99642 04905 
73 10 5.00054 13478 94124 
73 11 5.32264 75701 99225 
74 1 0.25000 00000 00000 
74 2 0.75000 00000 00000 
74 3 1.25000 00000 00000 
74 4 1.75000 00000 0oaM 
74 5 2.25000 00000 00000 
74 6 2.75000 00000 00000 
74 7 3.25000 00000 00000 
74 8 3.74999 99999 99999 
74 9 4.25000 00000 48224 
7410 4.74999 83402 21382 
74 11 5.27291 79676 22995 
7412 5.36198 19977 85887 
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TABLE IV-Conrinurtl 
n r Zero II Y Zero ,2 r Zero 
75 1 0.50000 00000 00000 78 3 1.25000 00000 00000 
75 2 1.ooooo 00000 00000 78 4 1.75000 00000 ooooo 
75 3 1.50000 00000 00000 78 5 2.25000 00000 00000 
15 4 2.00000 00000 00000 78 6 2.75000 00000 ooooo 
15 5 2.50000 00000 00000 78 7 3.25000 00000 00000 
15 6 3.GOOOO 00000 00000 18 8 3.14999 99999 99999 
75 1 3.500000 00000 00000 78 9 4.25000 00000 00258 
75 8 3.99999 99999 99964 78 10 4.74999 99842 48885 
15 9 4.50000 00032 04535 78 11 5.25024 25268 64091 
75 IO 4.99993 73867 70419 78 12 5.60860 15242 68262 
16 1 
76 2 
76 3 
76 4 
16 5 
76 6 
76 7 
16 8 
76 9 
76 i0 
15 II 
77 1 
71 2 
77 3 
17 4 
71 5 
77 6 
71 I 
77 a 
77 9 
17 10 
1111 
78 1 
18 2 
0.25000 00000 00000 
0.15000 00000 00000 
1.25000 00000 00000 
i.75000 00000 00000 
2.25000 00000 00000 
2.75000 00000 00000 
3.25000 00000 00000 
3.75000 00000 ooooo 
4.24399 99999 96376 
4.75000 01640 33196 
5.24808 42322 57486 
0.50000 00000 00000 
l.(iOOOO OmOo Omlo 
1.50000 00000 00000 
1.00000 00000 00000 
2.50000 00000 00000 
3 OOOGO 00000 ooooo 
3,500OO 00000 00000 
4.00000 00000 00002 
4.49999 99991 28114 
5.00000 69475 44141 
5.46840 28607 41961 
0.25O00 00000 00000 
0.75000 00000 00000 
79 1 0.50000 00000 00000 82 i 
79 2 1.00000 OOOOO 00000 82 2 
79 3 1.50000 OmOo 00000 s2 3 
79 4 2.00000 ooooo omoo 82 3 
79 5 2.50000 00000 00000 82 5 
79 6 3.00000 00000 oom 82 6 
79 7 3.50000 00000 00000 52 1 
79 8 3.99999 99999 99999 82 8 
79 9 4.50000 00000 21892 82 9 
19 10 4.99999 92694 29336 82 10 
19 11 5.50823 56620 59260 82 1; 
79 12 5.67597 96302 91672 82 12 
80 1 0.25000 00000 00000 
80 2 0.75000 ~00 oOOo(i 
80 3 1.25000 00000 00000 
80 4 1.75000 OOOOO OOOOO 
80 S 2.25000 00000 00000 
SO 6 2.75000 00000 ooooo 
80 1 3.25000 00000 00000 
80 8 3.75000 ooooo ooooo 
80 9 4.24999 99999 99982 
80 10 4.75000 00014 19096 
80 I1 5.24997 20718 68060 
8: 1 
81 2 
81 3 
81 4 
8i 5 
81 6 
81 7 
xi 8 
81 9 
a1 10 
81 11 
83 I 
83 2 
53 3 
83 3 
83 5 
83 6 
83 1 
83 8 
83 9 
83 10 
83 11 
83 12 
~0.50000 00000 OGGGC 
1.00000 00000 Omx 
1.50000 00000 ooooo 
2.00000 00000 ooooo 
2.50000 ooooo ooow 
3.00000 00ooo ooooo 
3.50000 00000 00000 
4.00000 00000 00000 
4.49999 99999 98324 
5.OOOOo 00730 is295 
5.49911 12641 10217 
0.25000 00000 00000 
0.75000 ooooo ooooo 
1.35000 00000 cam 
i.75000 00000 0000 
2.25OOo 00000 ooom 
2.75000 omoo ooooc 
3.25000 00000 00000 
3.75000 ooooo OOOOG 
4.25000 omoo 00001 
4.73999 99998 784X 
5.25000 30750 72695 
5.73159 59090 22443 
O.50000 00000 ooooo 
:.oo(jooo m 0000C 
1.50000 00006 00000 
2.omGo ooooo ooooo 
2.5oooo oocw Km42 
3.oom ooooe ooo@ 
3.5OooO 00~ 00~ 
4ooooo oooocl OGooa 
4.5oooo 00000 00121 
4.99999 99930 55965 
5.50010 88881 17443 
5.89096 49637 lc264 
decimal places, using a FORTVS compiler. A composite defiatior, techni- 
que is used throughout. 
A check of the computations of the real and complex zeros of B,(X) up 
to 17 = 42 was made using a listing of Leon Lander and D. H. L,ehmer 
provided by J. Brillhart [2]. For higher values of n, the lower and upper 
bounds provided by D. H. Lehmer [ 131 for ~12 = 1, and by Tnkeri [S] and 
our own estimates for m 3 1 were used to verify that rhe NAG FQRTRAN 
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TABLE V 
The Positive Real Zeros of B,I(s), 84 < n < 117 
?I r Root n Y Root n i Root 
84 1 0.25000 00000 00 
84 2 0.75000 00000 00 
84 3 1.25000 0000 00 
84 4 1.75000 0000 00 
84 5 2.25000 00000 00 
84 6 2.75000 00000 00 
84 7 3.25000 00000 00 
84 8 3.75000 00000 00 
84 9 4.25000 00000 00 
84 10 4.75000 00000 10 
84 11 5.24999 96778 39 
84 12 5.75349 89846 16 
84 13 5.97658 50377 37 
85 1 0.50000 00000 00 
85 2 1.00000 0000 00 
85 3 1.50000 0000 00 
85 4 2.00000 OOooo 00 
85 5 2.50000 00000 00 
85 6 3.00000 00000 00 
85 7 3.50000 00000 00 
85 8 4.00000 0001X1 oo 
85 9 4.50000 00000 oo 
85 10 5.00000 00006 29 
85 11 5.49998 75420 91 
86 1 0.25000 00000 00 
86 2 0.75000 00000 00 
86 3 1.25000 ooooo 00 
86 4 1.75000 0000 00 
86 5 2.25000 00000 00 
86 6 2.75000 00000 00 
86 7 3.25000 00000 00 
86 8 3.75000 00000 00 
86 9 4.25000 00000 00 
86 10 4.74999 99999 99 
86 I1 5.25000 00321 75 
86 12 5.74959 23895 63 
87 1 0.50000 00000 00 
87 2 1.00000 0000 00 
87 3 1.50000 0000 00 
87 4 2.00000 00000 00 
87 5 2.50000 00000 00 
87 6 3.00000 00000 00 
87 7 3.50000 00000 00 
87 8 4.00000 00000 00 
87 9 4.50000 00000 00 
87 10 4.99999 99999 46 
87 11 5.50000 13627 77 
87 12 5.99009 65363 64 
88 1 0.25000 00000 00 
88 2 0.75000 00000 00 
88 3 1.25000 0000 00 
88 4 1.75000 0000 00 
88 5 2.25000 00000 00 
88 6 2.75000 00000 00 
88 7 3.25000 00000 00 
88 8 3.75000 00000 00 
88 9 4.25000 00000 00 
88 10 4.75000 00000 00 
88 11 5.24999 99969 34 
88 12 5.75004 89250 37 
88 13 6.16952 42595 01 
89 1 0.50000 00000 00 
89 2 1.00000 0000 00 
89 3 1.50000 OWOO 00 
89 4 2.00000 00000 00 
89 5 2.50000 00000 00 
89 6 3.00000 00000 00 
89 7 3.50000 00000 00 
89 8 4.00000 00000 00 
89 9 4.50000 00000 00 
89 10 5.00000 00000 04 
89 11 5.49999 98577 03 
89 12 6.00155 50587 87 
89 13 6.27112 45120 38 
90 1 0.25000 00000 00 
90 2 0.75000 00000 00 
90 3 1.25000 0000 00 
90 4 1.75000 0000 00 
90 5 2.25000 00000 00 
90 6 2.75000 00000 00 
90 7 3.25000 00000 00 
90 8 3.75000 00000 00 
90 9 4.25000 00000 00 
90 10 4.75000 00000 00 
90 11 5.25000 00002 79 
90 12 5.74999 44413 28 
91 1 0.50000 00000 00 
91 2 1.00000 0000 00 
91 3 1.50000 0000 00 
91 4 2.00000 00000 00 
91 5 2.50000 00000 00 
91 6 3.00000 00000 00 
91 7 3.50000 00000 00 
91 8 4.00000 00000 00 
91 9 4.50000 00000 00 
91 10 5.00000 00000 00 
91 11 5.50000 00142 02 
91 12 5.99981 41894 83 
92 1 0.25000 00000 00 
92 2 0.75000 00000 00 
92 3 1.25000 0000 00 
92 4 1.75000 0000 00 
92 5 2.25000 00000 00 
92 6 2.75000 00000 00 
92 7 3.25000 00000 00 
92 8 3.75000 00000 00 
92 9 4.25000 00000 00 
92 10 4.75000 00000 00 
92 11 5.24999 99999 76 
92 12 5.75000 06046 23 
92 13 6.24499 67976 53 
93 1 0.50000 00000 00 
93 2 1.00000 0000 00 
93 3 1.50000 0000 00 
93 4 2.00000 00000 00 
93 5 2.50000 00000 00 
93 6 3.00000 00000 00 
93 7 3.50000 00000 00 
93 8 4.00000 00000 00 
93 9 4.50000 ooooo 00 
93 10 5.00000 00000 00 
93 I1 5.49999 99986 44 
93 1' 6.00002 19871 52 
93 13 6.44386 24773 60 
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TABLE V-Continued 
14; 
n r Root n I Root n r Root 
94 1 0.25000 00000 00 
94 2 0.75000 00000 00 
94 3 1.25000 0000 00 
94 4 1.75000 0000 00 
94 5 2.25000 00000 00 
94 6 2.75000 00000 GO 
94 7 3.25000 00000 00 
94 8 3.75000 00000 00 
94 9 4.25000 00000 00 
94 10 4.75000 00000 00 
94 11 5.25000 00000 02 
94 12 5.74999 99370 56 
94 13 6.25070 25396 83 
94 t4 6.56141 10537 63 
95 1 0.50000 00000 00 
95 2 1.00000 0000 00 
95 3 1.50000 0000 00 
95 4 2.00000 00000 00 
95 5 2.50000 00000 00 
95 6 3.00000 00000 00 
95 7 3.50000 00000 00 
95 8 4.00000 00000 GO 
95 9 4.50000 00000 00 
95 10 5.00000 00000 00 
95 11 5.50000 00001 24 
95 12 5.99999 75187 99 
95 13 6.53585 37453 47 
95 14 6.58383 06326 75 
96 1 0.25000 00000 00 
96 2 0.75000 00000 00 
96 3 1.25000 0000 00 
96 4 1.75OOa OOOGO 00 
96 5 2.25000 00000 00 
96 6 2.75000 00000 00 
96 7 3.25000 00000 00 
96 8 3.75000 00000 00 
96 9 4.25COO 00000 00 
96 10 4.75000 00000 00 
96 11 5.25000 00000 00 
96 12 5.75000 00062 78 
96 13 6.24991 55332 7: 
97 0.50000 00000 00 
97 2 1.00000 0000 00 
97 3 1.50000 0000 00 
97 4 2.00000 00000 00 
97 5 2.50000 00000 00 
97 6 3.00000 00000 00 
97 7 3.50000 00000 00 
97 8 4.00000 00000 00 
97 9 4.50000 00000 00 
97 10 5.00000 00000 00 
97 11 5.49999 99999 89 
97 12 6.00000 02685 28 
97 13 6.49751 71237 33 
100 i 0.25000 00000 00 
100 2 0.75000 00000 00 
100 3 1.25000 0000 Go 
100 4 1.75000 0000 oc 
100 5 2.25000 00000 03 
100 6 2.75000 00000 co 
iO0 7 3.25000 00000 00 
IO9 8 3.75000 00000 00 
100 9 4.25000 OOOOG 00 
100 10 4.75000 00000 00 
100 11 5.25000 OOOOC Ml 
100 12 5.75000 00000 55 
100 13 6.24999 88920 11 
1Xl 14 6.76090 71165 7: 
100 15 6.90862 45808 3i 
98 1 0.25000 00000 00 
98 2 0.75000 00000 00 
98 3 1.25000 ooooo 00 
98 4 1.75000 0000 00 
98 5 2.25000 00000 00 
98 6 2.75000 00000 00 
98 7 3.25000 00000 00 
98 8 3.75000 00000 00 
98 9 4.25000 00000 00 
98 10 4.75000 00000 00 
98 11 5.25000 00000 00 
98 12 5.74999 99993 99 
98 13 6.25000 988!1 79 
98 14 6.71348 36237 59 
101 1 0.50000 000c0 00 
101 2 1.00000 0000 00 
101 3 1.50000 ooooci OG 
10: 4 2.00000 00000 GO 
101 5 2.50000 00000 00 
PO1 6 3.00000 00000 00 
101 7 3.50000 GO000 OG 
101 fi 4.00000 00000 oc 
101 9 4.50000 00000 00 
101 10 5.00000 00000 00 
101 il 5.50000 00000 00 
101 12 6.00000 00027 79 
101 13 6.49996 17245 8" i 
99 1 0.50000 00000 00 102 1 0.25000 00000 OS 
99 2 1.00000 0000 00 102 2 0.75000 00000 00 
99 3 1.50000 ooooo 00 102 3 1.25000 OOOOC 00 
99 4 2.00000 ooooo 00 102 4 1.75000 0000 00 
99 5 2.50000 00000 00 107 5 2.25000 00000 OC 
99 6 3.K0OO OUOOO 00 102 6 2.75000 00000 00 
99 7 3.50000 00000 00 102 7 3.25000 OOOOG ix) 
99 8 4.00000 ooooo 00 102 8 3.75000 ooooo 00 
99 9 4.50000 ooGoo 00 LO2 9 4.25000 00000 00 
99 10 5.00000 00000 00 102 10 4.75000 00000 ~ 
99 11 5.50000 00000 01 102 11 5.25000 00000 I;e 
99 12 5.99999 99721 20 102 I2 5.74999 99999 95 
99 13 6.50031 93328 08 102 13 6.25000 01193 71 
99 14 6.84808 04058 58 102 14 6.74885 57059 30 
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TABLE V-Continued 
n r Root n r Root n r Root 
103 1 0.50000 00000 00 106 1 0.25000 00000 00 
103 2 1.00000 00000 00 106 2 0.75000 00000 00 
103 3 1.50000 00000 00 106 3 1.25000 00000 00 
103 4 2.00000 00000 00 106 4 1.75000 00000 00 
103 5 2.50000 00000 00 106 5 2.25000 00000 00 
103 6 3.00000 00000 00 106 6 2.75000 00000 00 
103 7 3.50000 00000 00 106 7 3.25000 00000 00 
103 8 4.00000 00000 00 106 8 3.75000 00000 00 
103 9 4.50000 00000 00 106 9 4..25000 00000 00 
103 10 5.ooc@o 00000 00 106 10 4.75000 00000 00 
103 11 5.50000 00000 00 106 11 5.25000 00000 00 
103 12 5.99999 99997 34 106 12 5.75000 00000 00 
103 13 6.50000 44403 94 106 13 6.25000 00012 32 
103 14 6.97807 18648 15 106 14 6.74998 26676 54 
104 1 0.25000 00000 00 
104 2 0.75000 00000 00 
104 3 1.25000 00000 00 
104 4 .1.75000 00000 00 
104 5 2.25000 00000 00 
104 6 2.75000 00000 00 
104 7 3.25000 00000 00 
104 8 3.75000 00000 00 
104 9 4.25000 00000 00 
104 10 4.75000 00000 00 
104 11 5.25000 00000 00 
104 12 5.75000 00000 00 
104 13 6.24999 99876 36 
104 14 6.75014 54298 13 
104 15 7.13127 72115 96 
107 1 0.50000 00000 00 
107 2 1.00000 00000 00 
107 3 1.50000 00000 00 
107 4 2.00000 00000 00 
107 5 2.50000 00000 00 
107 6 3.00000 00000 00 
107 7 3.50000 00000 00 
107 8 4.00000 00000 00 
107 9 4.50000 00000 00 
107 10 5.00000 00000 00 
107 11 5.50000 00000 00 
107 12 5.99999 99999 98 
107 13 6.50000 00531 12 
107 14 6.99946 70466 57 
105 1 0.50000 00000 00 108 1 0.25000 00000 00 
105 2 1.00000 00000 00 108 2 0.75000 00000 00 
105 3 1.50000 00000 00 108 3 1.25000 00000 00 
105 4 2.00000 ooooo 00 108 4 1.75000 00000 00 
105 5 2.50000 00000 00 108 5 2.25000 00000 00 
105 6 3.00000 00000 00 108 6 2.75000 00000 00 
105 7 3.50000 00000 00 108 7 3.25000 00000 00 
105 8 4.00000 00000 00 108 8 3.75000 00000 00 
105 9 4.50000 omoo 00 108 9 4.25000 00000 00 
105 10 5.00000 00000 00 108 10 4.75000 00000 00 
105 11 5.50000 00000 00 108 11 5.25000 00000 00 
105 12 6.00000 00000 25 108 12 5.75000 00000 00 
105 13 6.49999 95050 10 108 13 6.24999 99998 82 
105 14 7.00456 02140 24 108 14 6.75000 19953 39 
105 15 7.21145 02842 00 108 15 7.23784 71228 09 
109 1 0.50000 00000 00 
109 2 1.00000 00000 00 
109 3 1.50000 00000 00 
109 4 2.00000 00000 00 
109 5 2.50000 00000 00 
109 6 3.00000 00000 00 
109 7 3.50000 00000 00 
109 8 4.00000 00000 00 
109 9 4.50000 00000 00 
109 10 5.00000 00000 00 
109 11 5.50000 00000 00 
109 12 6.00000 00000 00 
109 13 6.49999 99945 11 
109 14 7.00006 62445 62 
109 15 7.41084 86469 30 
110 1 0.25000 00000 00 
110 2 0.75000 00000 00 
110 3 1.25000 00000 00 
110 4 1.75000 00000 00 
110 5 2.25000 00000 00 
110 6 2.75000 00000 00 
110 7 3.25000 00000 00 
110 8 3.75000 00000 00 
110 9 4.25000 00000 00 
110 10 4.75000 00000 00 
110 11 5.25000 00000 00 
110 12 5.75000 00000 00 
110 13 6.25000 00000 11 
110 14 6.74999 97787 70 
110 15 7.25202 93277 03 
110 16 7.50724 89240 82 
111 1 0.50000 00000 00 
111 2 1.00000 00000 00 
111 3 1.50000 00000 00 
111 4 2.00000 00000 00 
111 5 2.5oOOo 00000 00 
111 6 3.00000 00000 00 
111 7 3.50000 00000 00 
111 8 4.00000 00000 00 
111 9 4.50000 00000 00 
111 10 5.00000 00000 00 
111 11 5.50000 00000 00 
111 12 6.00000 00000 00 
111 13 6.50000 00005 47 
111 14 6.99999 21582 50 
Table continued 
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TABLE V-Continued 
14’:: 
I? I Root n r Root n , Root 
il? 1 0.25000 00000 00 
112 2 0.75000 00000 00 
112 3 1.25000 00000 00 
112 4 1.75000 00000 00 
112 5 2.25000 00000 00 
112 6 2.75000 00000 00 
112 7 3.25000 00000 00 
112 8 3.75000 00000 00 
1 i2 9 4.25000 00000 00 
112 10 4.75000 00000 00 
1 i2 I ! 5.25000 00000 00 
112 I2 575000 00000 00 
I12 13 6.24999 99999 99 
112 14 6.75000 00236 50 
112 15 7.24975 36928 34 
113 1 0.50000 00000 00 
113 2 1.00000 00000 00 
1:3 3 1.50000 00000 00 
Ii3 4 2.00000 00000 00 
1 i3 5 2.50000 00000 00 
113 6 3.OGGOO 00000 00 
113 7 3.50000 00000 00 
113 8 4.00000 Ocmo 00 
113 9 4.50000 00000 00 
113 10 5.00000 GO000 00 
113 11 5.50000 00000 00 
113 12 6.00000 00000 00 
i13 13 6.49999 99999 47 
113 14 7.00000 08966 11 
113 15 7.49370 57806 09 
114 1 0.25000 00000 00 
114 2 0.75000 00000 00 
114 3 1.25000 00000 00 
114 4 1.75000 00000 00 
I14 5 2.25000 00000 00 
114 6 2.75000 00000 00 
114 7 3.25000 00000 00 
114 8 3.75000 00000 00 
114 9 4.25000 00000 00 
114 10 4.75000 OOOGO 00 
114 11 5.25000 OOOGO 00 
114 12 5.75000 00000 00 
114 13 6.25000 00000 00 
114 14 6.74999 99975 6i 
114 15 7.25003 01603 81 
114 16 7.68632 47996 82 
115 1 0.50000 00000 00 
115 2 1.00000 OOOOG 00 
115 3 1.50000 00000 GO 
115 4 2.00000 00000 00 
115 5 2.50000 OOOGO GO 
115 6 3.00000 00000 GO 
115 7 3.50000 OOOGO 00 
115 8 4.00000 00000 00 
115 9 4.50000 00000 00 
115 10 5.00000 00000 00 
115 11 5.50000 00000 GO 
115 12 6.00000 00000 00 
115 13 6.50000 00000 05 
115 14 6.99999 99010 82 
115 15 7.50092 29704 24 
115 16 7.79852 56035 97 
116 1 0.25000 00000 00 
Ii6 2 0.75000 OOOOCI W 
116 3 1.25000 ooooo 00 
116 4 L75000 00000 00 
116 5 2.25000 00000 GO 
116 6 2.75000 00000 00 
116 7 3.25000 00000 00 
116 8 3.75000 OOOGO CCI 
116 9 4.25000 OOOOG GO 
116 13 4..75000 00000 oc 
1 I6 ii 5.25000 OOGGQ 00 
116 I? 5.75000 00000 02 
1;6 13 6.25000 00000 OC! 
116 14 6.75000 00002 43 
116 15 7.24999 6;544 08 
117 i 0.5OGOG 00000 GG 
117 2 1.OOGOo 00000 00 
117 3 1.50000 00000 00 
117 4 2.00000 OOOOG GO 
117 5 2.50000 04MOO GO 
117 6 3.00000 0+X00 00 
i 17 7 3.50000 iXtG@G X? 
117 8 4.00000 000% :%I 
l1’7 9 4.5OGOO 00000 w 
117 io 500oooo ooooo 00 
117 11 5.50000 oooao 043 
117 12 6.OOOGO 00000 ~00 
117 13 6.50000 OUOOO 00 
117 14 7.OOOGO GO105 39 
117 15 7.49988 66796 06 
C02AEF computations fell within these bounds. This was done using the 
original printout of the zeros of B,,(s), 3 6 II < 83, to 32 decimal places. 
A further check of all zeros is provided by the symmetry properties of 
both the real and complex zeros of B,,(x). Replacing x by (1 +x)/2 in (1.4) 
yields 
( - 1)” B, = B,(;+;‘. 
) 
(9.1) 
Therefore, for n etren, B,(( 1 +x)/2) is an even function and: for FZ o& 
.Y- ’ B,(( 1 + x)/2) is an even function. To obtain Table V we merely replace 
150 DAVID J. LEEMING 
x2 by y (after factoring out x if n is odd) to obtain a polynomial of degree 
[[n/2]. This enabled us to obtain the zeros of B,J?r), 84~~ < 117, to 16 
decimal places (we report 12 places in Table V). This second method of 
obtaining the zeros of B,(x) used an integration routine to obtain the coef- 
ficients of B:(x) = 2”B,(( 1 +x)/2) since property (1.5) also holds for the 
polynomial set {B,*(x)). This, along with the known symmetries of the real 
and complex zeros of BJx), gave us another check on the accuracy of the 
zeros reported in Table IV. 
We give here in Table IV a listing of the positive real zeros of B,(x), 
3 < y1 d 83, to 15 decimal places. In Table V we list the positive real zeros 
of B,(x), 84 6 n d 117, to 12 decimal places. A table of the complex zeros 
will appear elsewhere. Tables IV and V are a direct but reformatted prin- 
tout of the zeros of B,,(x) as generated by the modified C02AEF routine. 
A copy of the original printouts is available from the author, upon request. 
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